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Derivatives and applications
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Derivatives

We already know how to compute the derivative of a function of one
variable, e.g., for f(x) = sin(x?) we get:

d’f
dx?2

df
— = 2x cos(x?)

_ 2Y 402 cin(s2
I = 2cos(x“) — 4x“sin(x?)

If we have a function of more than one variable, say

g(x,y,z) = x®y + 3€?, then we can compute three partial derivatives, one
with respect to each input variable.

. L . . )
The partial derivative of g with respect to x is denoted 6—5 or gx.

The partial derivative of g with respect to y is denoted g—i or gy.
The partial derivative of g with respect to z is denoted %% or g;.
Notice that we use a “curly d” (9) for partial derivatives.
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Derivatives and applications
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Computing partial derivatives

To compute partial derivatives, we use this rule: in order to compute
the partial derivative with respect to one variable (say x), we use
the regular derivative rules that we already know, while regarding
the other variables (y and z) as constants.

Take g(x,y,z) = x°y + 3e*:

g« = 5xty g =x° g, = 3é”
For example, when we compute gy, we see that the 3e” term vanishes
(since we regard z as a constant, 3e is also constant, and the derivative
of a constant is 0). And the derivative of the term x°y is just 5x*y, since
v is regarded as constant.
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Higher order partial derivatives

Of course, we can also take the derivative of the derivative, and compute
higher order partial derivatives in that way. Take for example
f(x,y,z) = xe¥ sin(z?),

f, = e’ sin(z?) f, = xe” sin(z?) f, = 2xe” z cos(z?)
There are nine second order partial derivatives (f, = (£),):
fo =0 fx = € sin(z°) fo = 26"z cos(2%)
fy = €’ sin(z°) f,, = xe’ sin(z?) f,, = 2xe’z cos(2%)
fe = 26"z cos(z%) f,. = 2xe” z cos(z%) frr = 2xe” [cos(zz) —27° sin(zZ)]

We observe that in the end, the order of differentiation did not matter:

fo = fix, and £, = f,x, and f,, = f,,. In fact, this is always the case for
any function®. (Clairaut's theorem).

'As long as the function has continuous second order partial derivatives
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Derivatives and applications
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The gradient vector

The gradient is the vector of first-order partial derivatives of a function.
For functions of two or three variables, the gradient is

. ) 5&(x.y,2)
Fr(x.y) = [ i ”] Va(x.y.2) = | Lalxy.2)
f(x ) 5:8(x,y,2)

The gradient of f can also be written as grad f or Vf, but in these slides
we use V in order to accentuate the vectorial nature of the gradient.
The gradient is important, because the directional derivative of a function
at a point is maximal when you go in the direction of the gradient. So,
the gradient gives the direction of steepest increase of a function.
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The directional derivative

When you have a function f of more than one input variable, say f(x,y),

you might wonder what the rate of change in a particular direction is. This
is the directional derivative.

Directional derivative

The directional derivative of f(x, y) in the direction of a UNIT vector
0= m is
Daf(x,y) = flx,y)a+ f,(x,y)b = Vf(x,y) -

Similarly, in three dimensions, the directional derivative of f(x, y, z)
in the direction of a UNIT vector i =[a b c]” is given by

Daf(x,y,2) = f(x,y,2)atf,(x,y, 2)b+fo(x, v, 2)c = VI(x,y,2)-0
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Derivatives and applications
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Directional derivative: example

@ Question: calculate the directional derivative of
f(x,y) = 4x* + xe*™ — ye®T¥ 1 42 in the direction of the vector V = [_34] at
the point (5, 6).
@ Step 1: observe that V is not a unit vector. We have to convert it into a unit
vector by dividing it by its length |V| = \/(—4)? + 32 = 5.
.V _|-4/5
T [ 3/5 ]

|V

@ Step 2: calculate the partial derivatives:
f(x,y) = 8x 4 (1 + x)&™ — 2y f(5,6) = 40 + 6e'" — 12¢'°
f,(x,y) = 2xe™ — (1 4 y)e> " £,(5,6) = 10e'” — 7¢'°

@ Step 3: the directional derivative is: (do not forget to use the unit vector!)

Dof(5,6) = — ¢ £(5.6) + - £,(5.6)

4 2
= (40+ 6e'’ — 12¢'%) + g(loe17 — 7% =|-32+ gelﬁ + ge”
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Tangent planes

Tangent planes

Case 1: When you have a function f(x, y) and consider the surface
given by all points (x, y, f(x,y)), then the tangent plane to the sur-
face at (a, b, f(a, b)) is given by

z = f(a, b) + f(a, b)(x — a) + f,(a, b)(y — b)

Case 2: When you have a function f(x, y, z) and consider the surface
given by all points for which f(x,y,z) = K (for some K), then the
tangent plane to the surface at (a, b, ¢) is given by

fi(a, b, c)(x — a) + f,(a,b,c)(y — b) + f(a,b,c)(z—c) =0
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Tangent planes: example

o Question: Given the function z = f(x, y) = 3xy + &¥°*3, find the
tangent plane to this surface at the point (—3,1).

@ Step 1: We decide to use "case 1" from the previous slide. Calculate
the partial derivatives:

xy?+3 xy2+3

fe(x,¥) =3y +y’e f,(x,y) = 3x + 2xye
f(=3,1)=4 f,(-3,1) =—15

@ Step 2: The tangent plane is thus

z=—-8+4(x+3)—-15(y — 1)

@ Step 3: rewrite nicely:
4x —1by —z=—-19
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Tangent planes: another example

@ Question: find the tangent plane to the surface given by
x2y3 4 3x3 4+ x2y + xyz% + yz? = xy at the point (1, —1,1).

o Step 1: We recognize that we can define
f(x,y,z) = x°y® +3x3 + x2y + xyz? + yz?> — xy, and then the surface
is just f(x,y,z) = 0. So we decide to use "case 2" from the schema.

@ Step 2: calculate the partial derivatives:

fi(x,y,z) = 2xy> +9x% + 2xy + yz°> — y f(1,-1,1) =5
f,(x,y,2) = 3x°y? + x> + xz22 + 22 — x f,(1,-1,1) =5
f(x,y,z) = 2xyz + 2yz f(1,-1,1) = —4

o Step 3: The tangent plane is thus (see "case 2"):

5(x—1)+5(y+1)—4(z—-1)=0
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Critical points

A function f(x, y) can have local maxima, local minima and/or saddle
points. These are also called critical points.

Critical points

A function f(x, y) has a critical point (or stationary point) at (a, b)
when f(a, b) =0 and f,(a, b) = 0.

Example: find the critical points of f(x,y) = 2x? + 2xy + 3y? — 4y.
Solution: we calculate both partial derivatives and set them equal to zero:
f(x,y) = 4x + 2y and f,(x,y) = 2x + 6y — 4; so we get the system of
4x+2y =0

equations
2x +6y =4

, which has the (only) solution x = —

(11 8)
il

» Y =

2 4
So the (only) critical point of f(x,y) is (_E’ E) _
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The second derivative test

Second derivative test

Suppose a function f(x,y) has a critical point at (a, b). Then we
can calculate D = D(a, b) = fix(a, b)f,, (a, b) — [fiy (a, b)]?
Then:

e If D > 0 and fi«(a, b) > 0, then (a, b) is a local minimum
e If D > 0 and f(a, b) <0, then (a, b) is a local maximum
e If D <0, then (a, b) is a saddle point

o If D =0, then the test is inconclusive
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The second derivative test (example)

@ Question: find and classify the critical points of
f(x,y) = 2x% + 2xy + 3y — 4y.

e Step 1: we already found that the (only) critical point of f(x,y) is
(—%,—) and f(x,y) = 4x+ 2y and f,(x,y) = 2x + 6y — 4.

o Step 2: the second partial derivatives are f(x,y) = 4, f,,(x,y) =6,
fry (X, ¥) = 2. (Also fix(x,y) = 2, as it should be).

o Step 2: calculate

2 4 2 4 2 4
o(-23)=r(-58)(-25)-[= (-2 ﬂ S4o-z o
2
57

o Step 4: we see that D( 2,2)=120>0and fix(—

thus the point (—5, 3) is a local minimum.
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Find the closest point in plane (1/3) (Q4 exam 2021)

e Question: find the coordinates of the point (x, y, z) in the plane
z = ax + by + ¢ which is closest to the point (1,2, —1) outside that
plane. (Express the result in terms of a, b and ¢)

e Step 1: The distance between a point (x, y, z) and the point
(1,2,-1)is y/(x — 1)2+ (y — 2)2 + (z + 1)2. Using the equation of
the plane, this distance can be written as
V(x—=1)2+ (y —2)2+ (ax + by + ¢ + 1), and we must find the x
and y that minimize this distance. (From x and y, we can then
calculate z using z = ax + by + ¢). But instead of minimizing the
square root, we can make our task easier by finding the x and y that
minimize f(x,y) = (x — 1)> 4+ (y — 2)? + (ax + by + c + 1)°.
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Find the closest point in plane (2/3) (Q4 exam 2021)

o Step 2: We wanted to minimize
f(x,y) = (x—1)2+ (y — 2)® + (ax + by + c + 1)?, so we set
f(x,y) =0and f,(x,y) =0:

f(x,y)=2(x—1)+2a(ax+by+c+1)=0
fu(x,y)=2(y —2)+2b(ax+ by +c+1)=0

This results in the linear system of equations

(2 +2a%)x + (2ab)y = 2 — 2ac — 2a
(2ab)x + (2 + 2b%)y = 4 — 2bc — 2b

which we must solve for x and y.
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Find the closest point in plane (3/3) (Q4 exam 2021)

We can write the system of equations as a matrix:

(2+4+2a%)x  (2ab)y | 2—2ac—2a
(2ab)x  (2+2b%)y | 4—2bc—2b

. 2 . . .
By subtracting % times the first row from the second row, we can find
. . 2 ..
(after a long series of calculations) that x = %. Similarly, we
: __ 2a%—ab—bc—b+42 _ .
can find that y = w71 - We can then calculate z = ax + by + ¢

z_ab2—2ab—ac—a+1+b2az—ab—bc—b—|—2+c_
N 2+ b2 +1 a2+bh+1 -

So the point we searched is

—a@—b+a+2b+c
a2+b2+1

b2 —2ab—ac—a+1 2a%2—ab—bc—b+2 —a2—b2+a+2b+c
a2+ bp2+1 ’ a2+ b2+1 ’ a2+ b2+1

Aron Hardeman Multivariable Calculus (CS+Al) June 15, 2023 16 / 40




Double integrals
©00000000

@ Derivatives and applications
@ Partial derivatives
@ The gradient & directional derivative
@ Tangent planes
o Critical points

© Double integrals
@ In Cartesian coordinates (x,y)
@ In polar coordinates (r, )

© Triple integrals

Aron Hardeman Multivariable Calculus (CS+Al) June 15, 2023 17 /40



Double integrals
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Computing normal double integrals (1/2)

@ Question: calculate the volume of the 3D body between z = f(x, y) = (2x + 3)¢&”
and the xy-plane, when the bounds of x and y are the rectangle —1 < x <1 and
0<y<2

@ The region of integration is
D={(xy)|-1<x<1,0<y<2}=[-1,1]x[0,2]

@ We need to compute the double integral®
2 1
Viot = / / (2x 4 3)e” dxdy
0 J-1

@ Plan of attack: work from the inside-out. So, we start solving the inner integral:
fi1(2x + 3)e”dx. Important: this is an integral in the “x-world”, because of the
dx. It means that x changes, whereas we can treat y as a constant when
computing the integral. So:

1 1 1
/ (2x +3)e’dx = ¢ / (2x +3)dx = ¢” [x2 + 3x] = 6¢&”
1 —1 -1

12
*The reverse order would also work: Vier = [, [(2x + 3)e”dydx
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Computing normal double integrals (2/2)

@ Question: calculate the volume of the 3D body between
z = f(x,y) = (2x + 3)e” and the xy-plane, when the bounds of x
and y are the rectangle —-1 < x<land 0 <y < 2.

2 1
Vit = / / (2x + 3)e” dxdy
0 —1

e We found:

1
/ (2x + 3)e’dx = 6¢”
-1

@ We substitute this into the original double integral:

2
Viot = / 6e’dy = 6[e’]5 = 6e> — 6
0

e Conclusion: the volume of the 3D body is | Vior = 66> — 6 |.
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Another straightforward double integral

@ Question: calculate the volume of the 3D body between
z="f(x,y) = X73 and the xy-plane, when the bounds of x and y are
the rectangle 3 < x <b5and 2 <y <4.

@ We want to solve the integral

/ / X dixdy

We start with solving the inner integral, where x changes and y is

constant:
5x3 1 /° 1 136
/ —dx = — / X3dX:—[X4]§:—
3 Y yJ3 4y y

Now we calculate the full double integral: the volume is

4
//—dxdy /%dy:m[my]‘z‘: 1361n2
2
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General regions: Intuition

fab fcd f(x,y)dydx = fcd fab f(x, y)dxdy

Rectangles are

easy shapes J
The bounds of y J

depend on x
f fhz((;)) f(x,y)dxdy

The bounds of x
depend on y

Type I

f(x,y)dydx
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General regions: more intuition

Double integrals are like a for-loop. Suppose we have this question: calculate the volume
of the 3D body between the function z = f(x, y) and the xy-plane, above the region D
enclosed by the parabola y = 3x? and the line y = x + 2. Given that the intersection
points are (—2, %) and (1, 3), what would you do?

Our intuition would be to say:

Volume = 0; Ax = 0.001; Ay = 0.001;
for(x = —2/3; x <1; x += Ax)
for(y =3x% y < x+2; y += Ay)
Volume += f(x,y) * Ay * Ax;

1 X+2
This program corresponds to V' = / / f(x,y)dydx
—2/3.J3x2

Thinking this way can help you determine if you need a type | or Il integral.
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Double integrals over general regions

A type | region goes like this:

D={(xy)|a<x<b a(x)<y< ()}

b rg(x)
// f(x,y)dA = / / f(x, y)dydx
D a Jgi(x)

A type Il region goes like this:

D={(x,y) | c<y<d, hm(y) <x<h(y)}

d rha(y)
// f(x,y)dA = / / f(x, y)dxdy
D c Jhi(y)
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Double integrals over general regions (1/2)

Question: calculate the volume of the 3D body between the paraboloid

z = x> + y? and the xy-plane, above the region D enclosed by the
parabola y = 3x? and the line y = x + 2.

Solving the equation 3x% = x + 2
gives the endpoints x = —% and
x =1, so we get a type I°

V= //D(x2+y2)dA

1 X+2
V= / / (X + y?)dydx
—2/3 J3x2

To be computed in the next slide.

X

1 2 aThe region of integration D =
{(x,¥) | —% < x <1, 3x? <y<x+2}
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Double integrals over general regions (2/2)

We calculate the integral from the previous slide to find the volume:

1 x+2 1 y3 y=x+2
V= / / (x* 4 y?)dydx = / [x2y + —] dx
—2/3 J3x2 —2/3 3 y=3x2

1
= / |:X2(X +2)+ 1(X +2) —x?-3x% — 1(3x2)3] dx
a3 3 3

1
:/ [x3+2x2—|—%(x3—|—6x2+12x+8)—3x4—9x6] dx
—2/3

1
4
/ (—9x6 —3x* + §x3 +4x% +4x + 2) dx

—2/3
9., 3, 1, 4, _, 8] 3125
g _— —_ = —_ —_ 2 —_ = | —
[ T R A ) IO 77
So the volume is %. Note: in this case, the order of integration matters. We

have to first integrate w.r.t. y and then x. (Try the other way, it's very hard.)

Aron Hardeman Multivariable Calculus (CS+Al) June 15, 2023 24 /40



Double integrals
00000000@

Order of integration can matter

@ Question: evaluate [, e¥*dA, where the region of integration is
D={(x,y)]0<x<1, 5x <y <5}

@ Step —oo: write a Type | integral:

1 5
// eysz:/ / eyzdydx
D 0 Jbx

Observe that we have a problem: we can’t find the antiderivative of e’
o Step 1: rewrite the region as®* D = {(x,y) [0 <y <5, 0<x < £}

@ Step 2: write a Type Il integral and solve it:

2 5 yv/5 2 5 21x=y/5 1 5 2
//eydA:// eydxdy:/[xey} dy:—/ ye’ dy
D 0o Jo 0 x=0 5 Jo
5

11 - 1
— | oy — | = (25 _
5[26 ]O T

3To see this, draw out the (triangular) region on paper
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Polar coordinates (1/2)

Sometimes we need to do integrals using polar coordinates. The polar
coordinate system uses r for radial distance and 6 is the angular
coordinate. The polar system looks like this:

We see the important
y (r,0) equations for polar coordi-
nates, which we use a lot:
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Polar coordinates (2/2)

Back in normal coordinates, we could just say dA = dx dy (or
dA = dy dx). For example:

D={(xy) | y<x<y+2 A 1<y<3}

/ /D f(x,y)dA = /1 ’ /y o f(x, y)dx dy

For polar regions, we replace dA with r - drdf (or r - df dr). For example:

D={(r,0) | 1<r<2 A 0<60<2n}

//Df(r,ﬂ)dA:/ozﬂ/lzf(r,é?)rdrdﬁ

IMPORTANT: it is dA=r-drdf, NOT dA = dr df. (This factor r is
the “Jacobian”, do not forget to write it when doing polar coordinates!)
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A “polar” integral

@ Question: calculate the volume of the solid body bounded by the function
z = f(x,y) = x* + 2x%y? + y* and the xy-plane above the circular region in the
xy-plane given in the plot:
L1y @ Step 1: we can write the region of the plot as

D={(r,0) | 1<r<2 AN —7/2<0<7/2}

1
\ D\ x @ Step 2: we have

>1~/1 fix,y) =x"+2x°y2 + y* = (@ +y°)?

Using the identity x> + y> = r?, we see that this is

=2 equal to (r?)? = r*.

@ Step 3: set up the integral and solve it (don't forget the extra factor r due to
polar coordinates):

/2 21
/ /rrdrdG—/ d0/rdr—7r[f } =| =
/2 —7/2 1 2

So the volume is 771'
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A harder polar integral (1/4)

@ Question: calculate the volume of the solid body bounded by the function
z=f(x,y) = y/x?+ y? and the xy-plane above the shaded region in the
xy-plane given in the plot (note: only consider y > 0):

4
y
R _ 2x
x2+y?2 =3+ Tt
D — X ty'=4
| N 4y =1
-2 2 4 6
—2

@ Solution: next slide
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A harder polar integral (2/4)

o Let's first rewrite the equation of the red boundary into polar
coordinates (use x? + y? = r? and x = rcosf):

\/x2+y2=3+2—x ~ r=3+2cosf

@ The other boundaries are just half-circles with radii r =1 and r = 2.

We need to split the region; see
the picture.? The angle  as in the
picture occurs when rpjue = fred

1
X 2=3+2cosf = cosez_5

So we split the integral at § = %77.

“There are also other ways to split
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A harder polar integral (3/4)

In the previous slide, we calculated that the “split angle” is 0 = 2{
We can write the region of integration as D = D; U D, (with D;» as in the picture on
previous slide, note that these regions do not overlap except at the boundary):
2
D:{(r,@)|0§0§?/\1§r§3+2c050}
27
U{(rno)| F <0<mAl<r<2)

We obtain (since z = f(x,y) = y1/x2 + y2 = (rsinf)r = r’sin )

V://Df(x,y)dA://D1 f(x,y)dA—|—//D2 f(x,y)dA

2w /3 p3+2cos O ™ 2
:/ / (r* sin 0)rdrd(9+/ / (r*sin0)r dr d@
0 1 2n/3J1

To be computed in the next slide.
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A harder polar integral (4/4)

2w /3  3+2cos 6
:/ / (rzsin9)rdrd9—|—/ /(r sin@)r dr do
0 1 27 /3

(* Rewrite integral, see next slide for detailed explanation *)

2w /3 342 cos 6 ™ 2
:/ sin0/ r3drd0+/ sin 0d9/ rdr
0 1 21/3 1

3+2cos 6

2 /3 A 472
/0 siné [Z]l df + | [—cosd]y, 5 {IL

1 [2/3 4 1’

* Antiderivative of (sin + 2cos can be found by subbing u =3+ 2cos6 *
Antiderivative of (sin6)(3 + 2 cos8)* be found b bbi 3+ 2cosf

1[ 1 s /3 15 1/ 37 3115\ 15 [3153
= - |—— 2 — - —— _— —_ =] —
2 [ 10(3—1— cos ) —|—cos€]0 t5 =12 0 10 8 20
So the volume is 2223,
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“Factoring” integrals

In the last slide, we got the integral

™ 2
/ / (r?sin 0)rdrdd
2r/3J1

This looks like a hard integral, but in fact it is easy when realized that it

can be split into a separate r-integral and 6-integral.
This is because we can take constant factors out of an integral. The nice
thing is that e.g. sin @ is also a constant factor when integrating over r.

Similarly, 2 134y itself is a perfectly valid constant factor. We then see:
Yo 1 p y

const
const

—
™ 2 2,./\ ™ ) 2 3 ™ . 2 3
/ / (r°sin @) rdrd6 =/ sm9/ r’drdf = / sin 6d6 / rdr
2 /3J1 2r/3 1 2n/3 1

Which is the product of two straightforward integrals.
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@ Derivatives and applications
@ Partial derivatives
@ The gradient & directional derivative
@ Tangent planes
o Critical points

© Double integrals
@ In Cartesian coordinates (x,y)
@ In polar coordinates (r, )

© Triple integrals
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Triple integrals

Observation:

Triple integrals have appeared in the homework, but not in past exams (at
least not in the ones found on Cover).

The coming slides discuss triple integrals.

(I'm not saying you won't get a triple integral on your exam...)
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Triple integrals

One can also have a triple integral: [[ [ f(x,y,z)dV
When the region of integration is a box E = [a, b] x [c,d] x [r, 5], then:

b pd ps
// f(x,y,z)dV = / / / f(x,y,z)dzdydx
E a Jc Jr

(all 6 orders of integration are possible, in case of a box, since the bounds of the
variables do not depend on each other)

This is an integral that can be solved with methods similar to the ones
from double integrals.

We can also take triple integrals over general regions. For example:

E={(x,y,2)|0<y<3,0<x<y? 0<z<xy+1}

:>/// (., 2)dV = // /Xy+1f(x v, z)dzdxdy
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Example triple integral

Question: evaluate fo fo “*(3x — 2y) dx dy dz.

Solution:
/ / /y z(3x—2y dxdydz_/ / [ x —2xy]:z:_z dy dz
:// <§(y_z)2—2(y—z)y> dy dz
/ / (—Ey zy—}-;zz) dy dz

—/ _Ls —lz —|—3z dez
) TeY T2 T

y=0
3
:/0 (—%26—%25+Zz>dz
B _iz7_iz6+3253 _ | 5589
| 42 12 10°], | 140
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Spherical coordinates

In the 2D world, we have polar coordinates.In 3D, we have spherical
coordinates (p, 0, ¢). They look like this:

N

d P(5.6.9)

BN
J

x/ ©

p (rho) is the radial distance, 6 (theta) is the azimuthal angle, and ¢ (phi)
is the polar angle.
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Integration in spherical coordinates

In the 2D world, we have polar coordinates, where dA = r - dr df.

In 3D’s spherical coordinates, we have || dV = p?sin¢ - dpdf do||.

(The blue factors are Jacobians, if you want to know more about them)

For spherical coordinates, we have:

|x:psin¢c050 y = psin¢sind z:pcos¢|

X +y?+ 22 =p?

Note: the slides use the convention of the book, where p is the radial
distance, 0 is the azimuthal angle and ¢ is the polar angle. However, some
sources swap the meanings of 6 and ¢ and/or write r instead of p, so be
aware of that.
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Example integral in spherical coordinates (1/2)

Question: evaluate [f[. xe¥ '+ 4V where E is the region with x> + y? + 22 < 4
and 0 <y < x.
Step 1: do geometry; write E in spherical coordinates:

E={(n0.0)]0<p<20<0<7, 0<o<n}

N

Step 2: since x = psin¢cosf and x> 4+ y* + z2 = p? in spherical coordinates, we can
rewrite the integrand as psin ¢ cosf e’ .
Step 3: set up the integral. Do not forget the Jacobian p? sin ¢ for spherical coordinates!

> 2 o ks /4 2 2,
///xex Ytz dV:/ / / psingcosfe’ psinddpdddeo
E o Jo 0
T s /4 2 3 5
= / sin“ ¢ do / cos 0 do /p e’ dp
0 Jo 0

We were able to write the long integral as a product of three single-variable integrals by
using the idea from slide 33.
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Example integral in spherical coordinates (2/2)

Step 4: solve the integral.

7r 7 /4 2 )
/// xeX gy = (/ sin? cf)dqb) </ cos()d()) (/ pe’ dp)
E 0 Jo 0

The red one can be solved by subbing u = p? (such that du = 2p dp), followed by
integration by parts:

2 22 4 4
/ 0’ e dp = 1/ ve’ du = 1 [ue”]g—/ e'du | = 1(4e4—(<-:*4— 1)) = el
. 2 Jo2 2 o 2 2

The green one can be solved by using sin® ¢ = 2 (1 = cos2¢):

/Oﬂsin2¢dqz$:%/Oﬂ(lfcos%))dgb:gf; {%sinZgb]ﬂ:g

0

The orange one is relatively straightforward, so the answer is:

///ExeX2+y2+zz dV — (g) <;¢§> <3e42+ 1) _ 7r82(3e4 1)

P.S. The need to use substitution, integration by parts and a trigonometric identity makes this
question harder than exam-level (no warranty).

Aron Hardeman Multivariable Calculus (CS+Al) June 15, 2023 40 /40



	Derivatives and applications
	Partial derivatives
	The gradient & directional derivative
	Tangent planes
	Critical points

	Double integrals
	In Cartesian coordinates (x,y)
	In polar coordinates (r,)

	Triple integrals

